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Abstract. In generalized fractional programming, one seeks to minimize the maximum of a finite
number of ratios. Such programs are, in general, nonconvex and consequently are difficult to solve.
Here, we consider aparticular casein which theratio isthe quotient of aquadratic form and apositive
concave function. The dual of such a problem is constructed and a numerical exampleis given.
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1. Introduction

We consider amathematical program of the form
(P): inf{max{Q;(x)/fi(x) 11 € I}: Cz < b}

with C some m x n-matrix b € R™ a given vector, Q;(z) = 1/2z" A;x, A;
positive definite and f; : R™ — R astrictly positive concave function. Moreover,
I represents afinite index set.

Program P is generally referred to as a generalized fractional program and is
generally nonconvex. It has been studied extensively in the case for which Q; (),
1 € I are arbitrary positive convex functions. For a recent review, see Schaible
(2995) inwhich afull discussion of theory, duality, applicationsand algorithms has
been included. An example of the above formulation in location-allocation with
congestion effects has been given by Barros (1995).

In this paper we focus on the numerator functions being a quadratic form and
on the concept of duality. For arbitrary numerator functions, there are a variety
of approaches to finding a corresponding dual program involving quasiconcave
duality (Crouzeix et al., 1983), convex anaysis (Jagannathan et al., 1983), and
conjugatefunctions (Scott et al., 1989). Alternative approacheshave been given by
Bector and Suneja (1988), Boncompte and Martinez-L egaz (1991), and Chandra et
al. (1986). Jagannathan and Schaible (1983) show that a symmetric duality theory
can be established where the dual involves infinitely many ratios; with conjugate
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duas and f;(z) affine, it was shown by Scott and Jefferson (1989) that the dual
could be both symmetric and have finitely many ratios. Recent computational
results based on the dual program are given by Barros et al. (1996a, b). In this
paper, we show that a particularly simple dual involving a convex program with
one convex constraint results. The key to this simplicity comes from the fact that
the numerator being aquadratic form hasaconvex squareroot and hencetheratiois
aconvex function (Bector, 1968). Consequently, Program (P) is a convex program
which is not true for arbitrary Q;(z). In the particular case that f;(-), 7 € I are
affine, the dual isalinear program with one quadratic constraint.

Section 2 derives the dual program to (P) as well as the optimality conditions
that relate the primal and dual programs. Section 3 completes the paper with a
numerical example.

2. Derivation of thedual program
Clearly the optimization problem (P) is equivalent to
inf{t:¢,1Qi(z) — fi(x) <0icI,t—t; =00 €I,

Cz <b,t>0,t; >0,i € I}
Since Q; is a quadratic convex function (actually Q;(z) = 1/2||AY?z|2 with
| - || denoting the Euclidean norm) it follows by Theorem 5.16 of Avriel et al.
(1988) that the function (z, ;) — t; *Q;(x) is convex on R™ x (0, 00) and so (P)
isaconvex programming problem. Penalizing the restrictions Cz — b < 0 by the
Lagrangian multiplier u € R'?, the restrictions t:71Qi(z) — fi(x) < 0,i € I by
the Lagrangian multiplier A, > 0 and the restriction ¢; — ¢ = 0, ¢ € I, by the
Lagrangian multiplier u; € R weobtainfor A := ((\;)ier) and i := ((u:)icr) the
Lagrangian function 6(\, s, u) given by

inf { (1 -> Mi) t+ > (Nt Qi) + piti)
el el
- Z Nifi(x) +u" (Cx —b):z € Rt > 0,t; > 0,i EI}
el
= inf { (1— > m) tit> 0} + inf {Z(AitilQi(:v) + pit;)
el el
= > Nifilz) +u'Cz iz € R t; > o} )

el

=inf { (1 — Z ,ui> tit> O} + igf {Z ti,Qfo{Aitlei(f) + pit;}

el iel

= > Nifilz) + uTCx} —ub

el
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It is easy to verify by the above expression for the Lagrangian function that the
effective domain of 6 is contained in

D: {(A,u,u):Azo,uzo,mzo,Z uigl}
el

To compute the Lagrangian function for (X, 4, u) € D we observe the following.
By elementary calculusit follows for every € R™ that

|nf{/\2t;1Q2(x) + ,U,iti . ti > 0} == Z(AzuzQz(w))l/z

and sofor (A, u,u) € D we obtain

O(X, p,u) = i”f{2<2(>\mi62i(a:))l/2

el

=Y Nifilz) +u'Cr iz € R”} —ulb
iel
Since \;u; > 0and Q;(z) = 1/227 Az it follows that the function y; : R” — R
given by ;(z) := 2(M\iwiQi(x))Y? is a finite nonnegative positively homoge-
neous convex function or equivalently a finite gauge. Dencting now by A* the
conjugate function of the function h, a shorthand notation for 6(\, j1, u) is given
by —(Sier vi + Sicr(=Xifi)* (—CTu) — uT'b and thisimplies by the previous
observations and Theorem 6.4. of Rockafellar (1970) that

O\, p,u) =
—min {Zﬁ(yi‘) Y =N @) DD Yy = —CTU} —u”b
el el el el

Since~; isafinite gaugeit is well-known (see Theorem 13.2 and Corollary 13.2.1
of Rockafellar (1970)) that v (y;) = d.(y;) with C:=9+;(0), the subgradient set
of v; at 0, and 0¢ (-) the indicator function of the set C. Hence for (\, u, u)é D
the Lagrangian function is simplified to

O\, p,u) = —min {Z(—Aifi)*(x:-‘) tyf €0%(0),i €LY i+ yi

1€l el el

= —CTU} —ulh

1
Due to v;(z) = (Zkiui)%HAl?xllz it follows by Example 3.2 of Chapter 6 of
Hiriart-Urruty and Lemaréchal (1993) that

97i(0) = AZ%B (0, (2/\17,%‘)%)
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with B(O r):={z € R" : ||z||2 < r}. Thisimplies y € 0v;(0) if and only if
yiT A; Yyr < 2\;p; and so for v(P) finite and (LD) given by

sup{O(\, i, u): A > 0,u > 0; u € R} (LD)

it follows by the strong Lagrangian duality theorem (see Theorem 28.2 of Rock-
afellar (1970)) that

v(P) = v(LD) = —min{—=0(X\, g, u): (A, u,u) € D}

=—min{uTb+Z =Nifi)* Zyz—i-zgc

el el el

iel
Since the feasible region of the above problem is contained in (use convention
0/0:=0and a/0 = oo for a > 0).

F = {ny-l-fo:—CTu,Z /\i_lnyZ,/\ZO,UZO},

el el el

it follows that v(LD) < —min{uTn + Sicr (=Nf)* () (())ier,
(zf)ier,u,\) € F'}. Moreover, any feasible solution of the above problem can
be transformed to a feasible solution of the dual problem (LD) (take p; =
1/2 271y T A7 Yyr) and thisfinally implies that

v(P) = — min{ ul'b+ > (=Nifi)* (W)iers (€8)ier, u, A) € F}

el

We note that the dual program has a convex objective, one convex constraint, and a
set of linear constraints. Nonlinear programming algorithms generally prefer fewer
explicit nonlinear constraints as in the dual. The dual variables u are Lagrangian
multipliers on the primal polyhedral constraints and will satisfy a complementary
slacknesscondition. Thedual issomewhat complicated by themultipliers A;, i € 1.
For \; > 0 at optimality, the corresponding term ‘i’ in the primal objective will
determine the optimal primal value. However, since many of these terms will not
contribute to the objective value, their corresponding A; will be zero. The most
straightforward way to handle these positively homogeneous convex functionsin
a computational algorithm isto add a constraint A > ¢, ¢ > 0 so asto identify the
finite and zero components of A. A numerical example will illustrate the process.
The primal and dual variables are related at optimality in the following way:

yi [N :ATx/t A >0 2
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u'(Cz—b) =0 ©)
M?X{Qi(f)/fi(ﬂf)}+bTU+Z(—>\if¢)*(:E}‘) =0 (4)

icl
Equation (4) represents the fact that the primal and dual objectives sum to zero at
optimality. Equation (3) is the usual complementary slackness condition and (1)
and (2) relatethe dual variables z}, y; and A to the primal variable z. Collectively,
these results alow the primal/dual solution to be constructed from the dual/primal
solution.

We now particularize the results to f(-), an affine function and to the single
ratio case.

Casel. SingleRatioCase N = 1
Inthiscase, A\(= A1) isstrictly positive, which simplifies, in turn, the positively
homogeneous convex function in the constraints. The dual programis
min b7y + (=A\f)*(z*)
st. z*+y*=—-CTu
y*TAfly* < 2\
u>0A>0
as given previously by Scott and Jefferson (1996).
Case 2. f(-) isan affine function.

Here, fi(z;) = al 2* 4+ ¢; and (=\f)*(z}) = ¢; with z; = —a;. Consequently,
the dual programis

min b7 + Z Ci\

el
st Z(—aiki +z) = -CTu
=
> AT A ey <2
el
u>0,A>0

Inthiscase, we havealinear program with one convex constraint. A specialized
algorithm could be devel oped, along the lines of Martein and Schaible (1989), for
linear programs with one quadratic constraint or, alternatively, a general purpose
algorithm could be used.

3. A numerical example

Consider the following generalized fractional program:

{ 22+ 2y% 32 +05y2 22+ 62 }

min
2r+3y+4 2+3y+2 z+05y+1
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Yy
st. 1224+ 3y > 6 (5)

r4+y<2 (6)
Using the prescription in Case 2 of Section 3, the dual program is

min - —6uy + 2us + 4\ + 2X1 + A3
st —2\1—Xo— A3+ 211+ o1 + 231 = 12u7 — up
—3A1 — 32 — 0.5)3 + x’{z + :1332 + :13:);2 =3u; — up
— 1 * 1 * — 1 * 1 *
A7 <Z 51311 +3 33115) + 250 (E 751 + > 952%)
+251 (Z 32 4 I x§§) <1
ug > 0,up > 0,)\; >0.0001,i=1,...,3.

Note that we have added a small lower bound on A; this allows us to simply
represent the positive homogeneous extension. Solving yields a dual objective
value of —0.2139 with multipliers A1 = 0.0001, A\, = 0.0476, A3 = 0.0467. Since
A1 is at its lower bound, the corresponding term in the primal objective will not
contribute to the primal objective. Hence we drop it from the model and resolve
the dual. In this case, the dual objective valueis —0.2144 with dual variables

A2 =0.0477 x5 =0.609 =3 =0.199
A3 =0.0467 25, =0.039 =3, =0.306
up = 0.059 wup; =0.

Since the dual variable X is strictly greater than 0.0001, we now have the
optimal dual solution. Consequently the optimal primal valueis¢ = 0.214 from
(4). Further, the optimal primal solution is from (2).

_ (z37) _
z=" 72 /(GAZ)_OASG

_ (#31) _
y="2 /(Az) =0.175

Note that, since u3 > 0, constraint (5) is active while constraint (6) is inactive at
optimality.
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